From W. Rudin, Principles of Mathematical Analysis
TAYLOR'S THECREM

5.15. Theorem. Suppose f is a real function on [a,b], n is a posifive
inleger, f™ Y 4s continuous on [abl, f™(t) exists for every (€ (a,b). Lei

o, 3 be distinet points of [a,b], éﬂd define
(23) P = E [PAa) ("") —

Then there exists a point ¢ belween o and B such that

(24) 1) = P + 129 3 — e

For n = 1, this is just the mean walue theorem. In general, the
theorem shows that f can be approximated by a polynomial of degree
n — 1; and (24} allows us to estimate the error, if we know bounds on

[ ()]
Proof: Let M be the number defined by
(25) §8) = P@) + (B — a)
and put
(26) o) = @) — PO) — M(t —a)» (a <t <H)

We have to show that a!M = f™(z) for some z between « and 8. By
(23) and (26),

(27) 9P @) = fo () — nM  (a <t <b).

Hence the proof will be complete if we ean show that g™(z) = 0 for

some & between « and 8.
Sinee PW(a) = fB(a) fork =0, . .. ,n — 1, we have

(28) gla) = ¢(a) = - - - = ¢=V(a) = 0,

Our choice of M shows that g(8) = 0, so that ¢'(x,) = 0 for some z;
between e and 8, by the mean value theorem. Sinee ¢'(a) = 0, we con-
clude similarly that g”(x,) = O for some z» between « and z,. After n
steps we arrive at the conclusion that g*(x,) = 0 for some z, between
« and v,y that is, between o and 8.



